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We present a theory of the temperature dependence of the frequency, linewidth, and infrared
absorption strength of the E, optical phonon in CoF,, assuming that the coupling between the
phonon and the AD exciton is responsible for these effects. We find that a model based on the
orbit-lattice interaction can account for these phenomena., We also predict that the E, phonon
should be split by application of a magnetic field parallel to the ¢ axis. We estimate the “g
factor’” associated with this splitting and find that one should be able to observe the splitting
in readily attainable magnetic fields. The temperature dependence of the above phenomena
in the paramagnetic and antiferromagnetic state is discussed. A point-charge estimate of the
optical-phonon—exciton coupling constant produces a value much smaller than that required to

fit the data.

I. INTRODUCTION

The properties of the Co™™ ion in insulating crys-
tals are most striking. The ground state of this
ion (a d” configuration) has threefold orbital degen-
eracy in a cubic crystalline field, while the spin

=3. The presence of spin-orbit coupling or com-
ponents of the crystalline field with low symmetry
split the twelve-fold degenerate ground-state mani-
fold into a complex of low-lying energy levels.
Detailed experimental® and theoretical? study of
Co** placed substitutionally in MgF, have been car-
ried out by Gladney. In this environment, the
twelve-fold degeneracy of the d" ground state is
split into six Kramers doublets, with excitation
energies that range from 150 to 1400 cm™,

An approximate description of the electronics
excited states of the Co™™ ion in the antiferromagnet
CoF, (Ty = 37.7°K) may be obtained from Gladney’s
energy level scheme for Co-doped MgF,. In par-

ticular, Martel, Cowley, and Stevenson® have
studied the low-lying electronic excitations in this
compound. These authors find two sets of exciton
levels that lie in the 150-cm™ range, for T > Ty .
The two exciton bands are referred to as the AC
level and the AD level. The AC exciton band suf-
fers a Davydov splitting for a general value of the
wave vector K, while symmetry considerations
indicate that the Davydov splitting vanishes in the
AD band, ! in agreement with the observations. ?
Allen and Guggenheim® have observed infrared
(IR) absorption by an optical phonon of E, symmetry
in both the paramagnetic and antiferromagnetic
state of CoF,. The integrated strength of this line
was found to exhibit a strong temperature depen-
dence. The width of the line was also strongly
temperature dependent, with a minimum at T},
and a rather large (6 cm™) increase in the fre-
quency of the E, mode was observed as the crystal
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was cooled from liquid-nitrogen to liquid-He tem-
peratures. Allen and Guggenheim pointed out that
the E, optical phonon, which has no first-order
electric dipole moment, can become IR active by
mixing with a magnetic dipole active exciton level.
These authors found that they could account well
for the temperature dependence of the integrated
absorption strength by invoking this mechanism,
although no detailed discussion of the nature of the
exciton—-optical-phonon coupling is presented in
their work.

In this paper we present a theory of the contri-
bution to the linewidth and frequency shift of the
E, phonon from the exciton-phonon coupling. The
single-ion-orbit-lattice interaction is assumed to
be the dominant source of exciton-phonon coupling.
We presume that at low temperatures the major
contribution to these quantities comes from the
linear coupling between the E, phonon and the
lifetime broadened exciton level. We also derive
an expression for the integrated strength of the IR
absorption line of the E, phonon in terms of the
parameters of our mode. A consistent interpre-
tation of all these phenomena can be obtained with
an appropriate choice of the exciton- E,-phonon
coupling constant.

We also point out that the twofold degenerate E,
optical phonon may be split by application of a mag-
netic field along the ¢ axis of the crystal; the split-
ting is linear in the magnetic field, and has the
character of the Zeeman effect. We find the ef-
fective g factor of the E, phonon is a decreasing
function of temperature, with a value the order of
0.6 at 7=0. Observation of this splitting thus
should be feasible either by IR or Raman studies
in attainable magnetic fields.

II. THEORY OF INFRARED ABSORPTION IN CoF,

In this section, we introduce a model Hamiltonian
that describes the linear coupling between the E,
optical phonon and the AD exciton level. We as-
sume that the single-ion-orbit—lattice interaction
gives the dominant contribution to this interaction,
Furthermore, since the excitation energy of the
AD exciton lies in the range of 150~190 cm™, and
the frequency of the E, phonon is =250 cm™, these
levels may be expected to mix strongly even if the
coupling is weak. Since the second excited state
of the Co** ion in this crystal field is roughly 800
cm™! above the ground state, 2 it should be a good
approximation to confine our attention only to the
coupling between the phonon and the AD exciton.
(Symmetry considerations show that the AC exciton
is forbidden to couple to the E, phonon via the first-
order orbit-lattice mechanism.)

In the paramagnetic state, the E, phonon is two-
fold degenerate. In the antiferromagnetic (AF)
state, the E, representation decomposes according
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to the rule E,=T'j+I'y, where I'y and I'y are the
one-dimensional irreducible representations of the
unitary subgroup (D,,). With time-reversal sym-
metry, I'; and I'; are degenerate.* Let @, and

@, denote the normal coordinates associated with
the I'; and I'; optical phonons at kK =0.

There are two inequivalent Co™™ sites in the
crystallographic unit cell of CoF,. We refer to the
sites as the A site and the B site, respectively.
Loudon has demonstrated that symmetry consider-
ations require the Davydov splitting of the AD ex-
citon to vanish.* The level is thus twofold degen-
erate, in the absence of a magnetic field. Further-
more, in the limit when the exciton bandwidth is
small compared to the excitation energy, one finds
that one of the AD excitons is entirely associated
with the A sublattice, and one with the B sublattice
of Co** ions.* We let | E, 5) and | G, 5) be the

excited and ground electronic states of the A, B
sublattice from which the AD excitons are con-

structed. One may verify that the transition opera-
tor (we use Loudon’s notation®) |E ) (G4l + | Ep)
(Gg| transforms like the I'; representation of the
unitary point group, while | E4){G -1 Eg){ Gyl
transforms like I/, Thus, assuming that the single-
ion-orbit-lattice interaction is the dominant source
of mixing between the k=0 E, optical phonons and
the k=0 AD excitons, the coupling term has the
form

Hy p=0Y?G[Q3+Qy ) E ) (G o1 +(Qs— Q) Ep)(Gpl]
+H.c. (1)

In Eq. (1), w, is the frequency of the E, phonon,
and G is a coupling constant. Our choice of @; and
@, will be such that G is dimensionless. (We use
units with #=1.) The form in Eq. (1) assumes no
magnetic field is present. While we could work
directly with Eq. (1), we find it convenient to re-
place the transition operators | E,){G I, | Ez){Gjl
by the spin-} operators s ™, s57.°

We add to the coupling term of Eq. (2) the Hamil-
tonian of the bare phonon and exciton levels:

H,>=%(P32+P42)+%°002(Q32+ Q4),
H,=— wys f=wpsyf. (2)

In the absence of a magnetic field, wy=wz=w,.
We allow for the presence of a magnetic field by
assuming w, differs from wgz. We presume the
principal effect of the magnetic field H is to induce
a Zeeman splitting of the twofold degenerate AD
exciton. We ignore the effect of the magnetic field
on H,_,. This approximation is reasonable because
of the near resonance between w, and w, .

To describe the IR absorption via the magnetic
dipole interaction, we consider the interaction of
the magnetic field %, of the IR radiation with the
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exciton. This coupling may be described by adding
to the Hamiltonian the term

Hig=pogrhie % s + 557+ s "+ s5 ]+ Hoe.

(3

where
Wo=eli/2mc and gr=(E 4L, +2S,1G,) .

We calculate the IR absorption coefficient by
first computing the rate at which energy is absorbed
by the system, then converting this expression to
an absorption length. We find that the energy per
unit time absorbed by the system in the presence
of Hiy is given by

dE/dt=29 ulginiN Im g(-Q-in) , (4)
where N is the number of unit cells in the crystal,
2 =i [ dte7¥[s(0), S,
with
S =sPWD+s7@ +s5P@W + 5578 .

Next we need the form of g(). We find the form
of this function by using an equation of motion meth-
od and a simple decoupling scheme. Consider the
functions G} 5 (#) =i0() ([S(0), s3,5(A]). We find

<i 2. w,,) G'(D) =2(s5)6()

+2iw3’2G6(1) (({5(0), s%(D[Qs() + QI . (5

We decouple the equation by replacing {[S(0), s2(#)
Q3,40 by (s5X[S(0), Q3,4()]). Then if we define

83,4(8) = 8(H) {[S(0), @s,,(D]),

the equation of motion for 8283' 4/31% involves only
the functions 83,4(t), and the original correlation
functions G} (). Upon taking the Fourier trans-
forms of these equations with respect to time, we
obtain simple linear algebraic equations for Gj, (0
and 03,,(9). Upon solving these equations, and
noting that g(9) = G*(Q) + G(Q) + G5(Q) + GE(Q), we
have

4w;(w? - wE)(s?) - 8wd(G - GH)Xs%)?
wg) (0= w?) - Bwiw;IGIE(s?%)

(6)

In the result of Eq. (6), the quantity (s%) =3 tanh
(w;/2kT)." In order to explore the properties of
g(9), it is convenient to first assume no magnetic
field is present, and then examine the effect of ap-
plying a field.

(i) The case of zero dc magnetic field: We set
wy=wp=w,, and {(s%) =(s%) =(s*). Then we may
write

2(Q) =i7

Z8 (WP

4w (0= wB) (9 - Bwd(G - G¥)¥(s*)?
- (W= @2) (W?= &%) ’

()
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where @, and @, are renormalized optical-phonon
and exciton frequencies. For small values of |Gl,

one has
D= wo +4wiw, IG13(s%) /(Wi wB) , (7a)
@, = w,— 4031GIE(s%) /(W - w?) . (70)

One may easily find expressions for @, and @, from
the zeros of G(f) without restricting |G| to the lim-
it |Gl <1, but Egs. (7a) and (7o) will suffice for
our purposes.

Since infrared absorption occurs at those fre-
quencies for which g() has poles, the presence of
the coupling between the E, optical phonon and the
AD exciton gives rise to a shift in the phonon fre-
quency and the exciton frequency. It is the former
shift that will concern us in this work, since the
exciton frequency is strongly temperature depen-
dent by virtue of the exchange field associated with
the AF state. It would thus be difficult to experi-
mentally separate the shift exhibited in Eq. (7b)
from that due to the exchange field.

The frequency shift of the phonon [Eq. (7a)] will
exhibit a strong temperature dependence because
w, is near w,, and w, is also strongly temperature
dependent below the Néel point by virtue of the ef-
fect of the exchange field. Equation (7a) predicts
that the phonon frequency should decrease with tem-
perature for T< Ty, since w, moves farther from
w, in this region.® We present estimates of the
magnitude of the frequency shift and a plot of its
temperature dependence in Sec. IIL

Until this point, we have treated the exciton level
as a completely sharp excitation with zero width.
In fact, for 7< Ty, the neutron studies indicate the
AD transition has a considerable width the order
of 30 cm™. 3 This means that the optical phonon
can be damped by the direct coupling to the exciton
since wy lies in the “wing” of the exciton line. One
may calculate the contribution to the width of the
optical-phonon line from this source by replacing
w, in the denominator of Eq. (7a) by w,+3iT,, where
T, is the full width at half-maximum of the exciton
line. The quantity @, acquires a nonzero width.
The full width at half-maximum T, of the exciton-
induced absorption line is found from Eq. (7a) to be

T, = [8wdw?IG 1P (s%) (W] - ?)?]T, , (8

when (wy— w,) »>3T,. The temperature dependence
of the linewidth of the E, optical phonon observed
by Allen and Guggenheim can be accounted for by
the expression given in Eq. (8). Martel et al.®
find that the width I, of the AD exciton level is in-
sengitive to T for T < Ty, but increases sharply as
T passes through T . Below T, the temperature
dependence of I',, is dominated by the fact that w,
moves away from w, as T increases. Thus, for
T< Ty, T',, decreases with increasing temperature.
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As T increases through Ty, w, becomes tempera-
ture independent, but now the exciton level becomes
broader (T, increases). Thus, for T>7Ty, Ty, in-
creases; the phonon linewidth thus passes through
a minimum near T). This is precisely the behav-
ior observed for Ty, .° It must be realized that
superimposed upon the exciton-induced linewidth,
one also has an anharmonic contribution. This lat-
ter contribution should not be strongly dependent
on temperature when T is the order of Ty, however.
In Sec. III, we present an estimate of the magnitude
of the contribution to I',, given in Eq. (8), and a
graph of its temperature dependence will be dis-
played.

Finally, we compute the integrated strength of
the IR absorption. For this purpose, we may ig-
nore the lifetime effects dlscussed above. For
IGl <1, we find

Im[g(- Q@-in)]=4186(Q- &,)

87wi(wicos®y + wisin®yp)
+ (2= w2)?
0 x

leIztanhz( %o )6(9 @),  (9)

2kgT
where we write G=1Gle’®. The attenuation constant
a(9) for the radiation in the crystal may be found
by inserting Eq. (9) into Eq. (4), dividing by the
energy Vhi/2m of the radiation stored in the crystal
[we have used a convention where h(f) = 2k, cos2t],
and then dividing by ¢ = ¢/€'/? to obtain the attenua-
tion constant in cm™., For @ near &, we have

172 wi(«f cos?e + wE sin?y)
Vel ws - wf)?

() =32n2pidie

)5(0 @q). (10

X 2 2
|Gl tanh (Zk T

In this expression V is the volume of the unit cell.
Allen and Guggenheim plot the integrated intensity

I=[d(1/2) a(Q) as a function of temperature. From
Eq. (10),
3, 2. 2 2 32
_ 2 2 172 Wolw;cos®y + wy sin 2
I=1671uggre€ 7V, (B — w?)?
(11)

of o

x |G1%tanh (ZkBT)
The temperature dependence of I in Eq. (11) is very
similar to that obtained by Allen and Guggenheim, °
These authors compared the predicted tempearature
dependence with the experiment in their work., We
shall estimate the strength of I in Sec. III, after a
value of IG1? is obtained from the linewidth data.

(i) The effect of a nonzero magnetic field: In
the presence of a magnetic field, w,# wp. In fact,
if g, is the g factor of the ground electronic state
IG), and g, is that for the excited state |E), then
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oo

for the AD exciton,
wa— wp=Holgo+81)H ,

where H is the strength of the magnetic field. We
assume H is applied parallel to the ¢ axis of the
crystal. When H#0, two distinct poles near o,
appear in the Green’s function of Eq. (6). If we
denote the position of the poles by @,(+) and &y(-),
we define a Landé g factor for the phonon by writing

Wo(+) = @o(=) = pogynH for small H. Then
2wEWEIGI2, Wy
h
M (- w? ) an (ZkBT>
2 2
[ (wo ) Wy )
[14- o hyTa, csch (kBT (go+21) -

(12)

Thus, the doubly degenerate optical phonon is
split by the presence of a magnetic field. Note that
the splitting exists even in the paramagnetic state.
We shall estimate the magnitude of g, in Sec. III

III. COMPARISON BETWEEN THEORY AND EXPERIMENT

In this section, we consider the comparison be-
tween the theory of Sec. II and the observations of
Allen and Guggenheim. We also estimate the value
of the Landé g factor g,, given in Eq. (12).

First, consider the linewidth I'};, of the E, mode
given by our model [Eq. (8)]. In Fig. 1, the solid
curve is a plot of I',,(7)/T,(0) for T<Ty. For
T<Ty, T.(T) appears insensitive to temperature,
to judge from the neutron data of Martel ef al. ,® if
we presume that the width of the k=0 exciton level

08

@M=&
06 ®(0)-&l00)
[en(m) ————
I
04
0.2
0.0
0.2 04 06 08 [Xe} 1.2

/T —

FIG. 1. Temperature dependence of the phonon fre-
quency and linewidth. Both quantities have been normal-
ized to approach a value of unity as 7— 0.
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is similar to the width of the finite K modes studied
by these authors. Indeed, for T < Ty, the linewidth
appears insensitive to the value of K. In all cases
studied, I' (7) rises sharply near Ty, and the be-
havior of this quantity appears wave-vector depen-
dent above Ty. As a consequence, we terminate
our calculated curbes at 1.2 Ty. The striking fea-
ture of the solid curve of Fig. 1 is the rapid falloff
of T',,(7) with increasing T, and the minimum near
Ty. Allen and Guggenheim find T',(Ty)/T;,(0) =0. 4,
while our model predicts the ratio~0.3. This sug-
gests the presence of an anharmonic contribution
% to Iy, with I''¥~0,5cm™ at Ty. Because of
our uncertainty concerning the behavior of I',(T) for
T much greater than Ty, and the fact that I'{#’ in-
creases with 7, it is difficult to make a precise
comparison between theory and experiment for T
>1. 2Ty at this time. Nonetheless, we feel that the
linear coupling between the E, optical mode and the
lifetime broadened exciton level accounts for a large
portion of the observed linewidth T, below liquid-
nitrogen temperatures.

At T=0, the neutron data indicates I',=33 cm™.,3
Also w(T=02195 cm™ and wy=256 cm™ at he-
lium temperatures. Thus, we estimate from Eq.

(8) T, (T=0)=470 |G| cm™. If we presume that
all the linewidth observed at 7=0 (4 cm™) has its
origin in the exciton-phonon coupling, then |G|
~0,092.

Next consider the frequency shift of the optical
mode. In Fig. (1), we plot 6w(0) (dashed line).
Since no detailed studies of 6w(7) have been reported,
we cannot compare the quantity with experiment.

We have

BT = =) = @o(T = 0) = 20fw,IGI?/ (W}~ ?) |

where the right-hand side is evaluated at T=0. For
the parameters given above, we find

O(T=w) = d(T=0) =8 cm™ .

Allen and Guggenheim report &, (4.2 °K) =256 cm™,

and a recent room-temperature Raman study® yields
@, (300°K) =246 cm™. The above estimate suggests
that about 8 cm™ of the 10-cm™ difference between
the room-temperature and liquid-helium tempera-
ture frequency @, can be accounted for as a conse-
quence of the exciton-phonon coupling.

Note that we predict a discontinuity in slope of
the quantity 6w(7T) at T'=Ty. It would be useful to
make a more extensive study of the temperature
dependence of @,, since the importance of the ex-
citon contribution to dw could be clearly established
by observation of the slope discontinuity.

Next consider the integrated strength of the IR
absorption line [Eq. (11)]. Allen and Guggenheim
have demonstrated that the form in Eq. (11) gives
an excellent account of the observed temperature
dependence., For CoF,, V. =70 f&a, and we use
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€, =1, 5 for the dielectric constant. This is the
value appropriate for the ordinary ray in CoF, at
256 cm™!, as determined from the data of Balkanski
et al.® We have estimated g, from Gladney’s wave
functions, and we find g,=2.3. Then from Eq. (11),
we find

KT=0)=6.7x10%1+0. 72sin?¢)1GI12 cm™2 ,

Allen and Guggenheim® find I(T =0) =425 cm™2,
This requires (1+ 0. 72sin?¢)}2|G1=0.08. While
we have no information about the phase angle ¢, it
is clear that the strength of the exciton-induced IR
absorption at @, is consistent with a value of |G|
quite close to that deduced from the linewidth and
frequency shift data. Indeed, if ¢ =0 (G is real),
then from the IR absorption strength, we obtain a
value of G within 15% of the value deduced from the
values of I',,(T) and sw(7).

We should note that the absorption at 256 cm™
lies quite near the frequency of an IR-active E,
phonon at 268 em™.° Thus, there is liable to be
some uncertainty in the experimental determination
of the absolute value of I, Furthermore, our esti-
mate of I requires knowledge of g.. We have cal-
culated this quantity for the case of a Co impurity
placed substitutionally in MgF,.2 Thus, our esti-
mate of g, is liable to be somewhat in error, par-
ticularly in the light of the concluding remarks of
the present section.

Thus, we conclude that the present model is able
to give an adequate quantitative account of the data
of Allen and Guggenheim, and Macfarlane and
Ushioda on the magnitude and temperature depen-
dence of 6w(T), I',(T), and I(T) for a single choice
of the exciton-optical-phonon coupling constant |Gl.
Let us now turn to the Landé g factor [Eq. (12)] as-
sociated with E, optical phonon. As T-0, from
Eq. (12),

2wi(wE + w?)IGI2

gDh(T:O)= (wo‘- wx)

(go +g1) .
With wy=256 cm™, w,=195cm™, |G| =0.092,
and go=g, =2, we find

Zm=0.6.

The Landé g factor associated with the E, phonon is
thus quite large. This is a consequence of the close
proximity of the optical phonon to the exciton level.
For a g factor of this magnitude, application of a
50-kGfield produces a splitting of the E, mode the
order of 1.5 cm™, Since this splitting is compara-
ble to the linewidth I';, (=4 cm™) at T=0, the ef-
fect of the splitting should be observable. A higher
field, say 100 kG, should produce a resolvable dou-
blet. Observation of this large phonon g factor
would provide strong evidence that the model em-
ployed in this work gives a complete description of
the properties of the E, optical mode in CoF,.
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We have attempted to estimate the value of G by
employing Gladney’s wave functions, 2 combined
with a nearest-neighbor point-charge model of the
crystal field, and the assumption that in CoF, the
electronic excitations associated with the Co™ ion
can be treated as completely localized to the Co
site. As remarked earlier, this calculation pro-
duces a value of |G| some six or seven times smaller
than the value 0. 09 estimated from the experimental
data. Before our work, Moriya and coworkers also
found a value of |G| far smaller than that required
to fit the data, on the basis of a similar computa-
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tion. 1° Thus, it appears as if one cannot apply
Gladney’s wave function for Co-doped MgF, directly
to CoF, without modification. Since our crystal-
field calculation is long and tedious, but employs
only well-known straightforward techniques, we
omit the details of the calculation from the present
note.
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A complete diagonalization of the spin Hamiltonian is necessary to obtain consistent principal
values of the nuclear quadrupole coupling tensor from AM;=0 and AM;=+2 lines in EPR spec-
tra. As an example, proper recalculation for TiO,: Cu™ shows greatly revised values,

Q'~0.0010 cm™!, n~0.1.

Kedzie® have already demonstrated, the perturba-
tion expressions are inadequate for the forbidden
hyperfine lines with A M,;=+1 when the magnetic
field lies between the principal axis and its perpen-
dicular. Here we point out that even for magnetic
field perpendicular to the principal axis of a uni-
axial or near-uniaxial site, the perturbation-theory

In the extraction of quadrupole coupling constants
for Cu** and other paramagnetic ions from orienta-
tion-dependent allowed and forbidden hyperfine
transitions, ! we have been struck by the inadequa-
cies of the second-order perturbation expressions
for positions of certain of the lines in some ranges
of orientation of the magnetic field.2 As Lyons and



